where ß and y are specific constants which may be obtained from the intercept and gradient, respectively, of the isothermal plot of log10(/^A/^ ! ) against 1/D. This treatment allows an evaluation of s and ae , The former may be obtained from the equation
The method is sensitive to uncertainties in ß or y, and yields values of s ranging from 5 for silver nitrate to 50 for tetra-iso-amylammonium nitrate. These values of s are reasonable in themselves and when compared with repulsive integers found in the study of crystals and gases.
Two items concering this treatment call for comment.
(1) No appeal has been made to the concept of ionic radius. The term ae is the average distance apart of the charges in the ion pair when in its state of lowest potential energy. The root-meansquare displacement about the average separation is given by the equation x ae 7. I am indebted to Professor C. W. DAVIES An explicit formula is derived for the zero point energy of a system of coupled harmonic oscillators. It is shown that for the. case of isotopic homologues this leads to an approximate linear relation in the number of equivalent isotopic substituents. It is shown that the zero point energy differences of successive members of an isotopic homologous series increases with further substitution of the heavy isotope. Through a study of the parabolic deviations from the linear rule, it is shown that intermediate members of an isotopic homologous series form a better basis for interpolation and extrapolation than the end members. The appropriate intermediate members are given by the second order sum rule.
It is a well-established empirical fact that the zero point energies of a set of homologous isotopic molecules are approximately a linear function of the number of equivalent isotopic substituents i . In this * Research carried out under the auspices of both the U.S.
Atomic Energy Commission and National Science Foundation.
approximation, the zero point energies of equivalent isotopic isomers are the same. In fact, the zero point energies seem to obey the linear sum rule in ^ = where x = 3/2 and 3. For non-isotopic homologues they have found empirical rules in x=\, 2, -1, -2. The rules hold separately for common symmetry classes.
The basis of the BERNSTEIN rules is as follows. A property of a molecule can be represented as an additive property, if it can be expressed in terms of the properties of the atoms plus interaction between atomic pairs. Such a constitutive property will have a parabolic dependence on the number of substituents. For instance, in the case of the substituted methanes
where P is a constitutive property and
The quantities pxy , pxx j an d PYY ARE THE contributions to P from the interaction between X and Y, two X's and two Y's respectively. It is precisely this quantity ZIXY which is zero for ^ Aj, the sums of the squares of the frequencies, for isotopic homologues and isomers. The quantity AxY has been shown not to be zero in general for ^ ^t 2 f°r a homologous series of isotopic molecules 4 ' 5 . The special reason why AxY is zero for Xt for isotopic molecules is the fact that 2 depends on the properties of the atoms taken one at a time in the force field of the other atoms of the molecule. If the force field is independent of the substituent, as it is for isotopic molecules, then and only then does one obtain Axy = 0 and a linear rule. The relationship Axy = 0 does not hold in general for 2 XK 2 for isotopic homologues since
where and are the reciprocal masses of the To date, the zero point energy rules rest only on a well established empirical basis plus the argument of BERNSTEIN 7 ' 9 concerning the requirements for a constitutive property. Further examples, with colculated harmonic frequencies, are given in the following paper 10 . In the present paper we shall give a mathematical formulation of the rule, which will then show us the nature of the approximations involved plus the range of the validity of the rule n . The zero point energy of a molecule or a system of coupled oscillators is a quantity of fundamental interest and any method of obtaining the zero point energy without a complete solution of the secular equation is useful [12] [13] [14] .
Zero Point Energy and the Eigenvalues of the Classical Secular Equations of Motion
In this section we obtain a relationship between the zero point energy of a system of coupled oscillators and the eigenvalues of order n of the secular equations
In Cartesian coordinates, the elements of H are H,j = /Xi dij, where //j is the reciprocal of the mass of the i'th atom and is a Cartesian force con-stant 4 . The vector A k is a vector whose components molecules 15 . This permits us to express each fregive the transformation from Cartesian coordinates quency in reduced units to the A;'th normal coordinate. We define a character-^ " ^ ^ istic length, co0, for a set of homologous isotopic
We now expand cok/co0 about the point xk -1 and obtain the series
Since the series in (x-1)^ is absolutely convergent, we can add each term to the corresponding term of an absolutely convergent series to obtain the total zero point energy, £0 , in reduced units The zero point energy difference between two molecules, £0' and £0, is similarly obtained by term by term subtraction of two absolutely convergent series
which can be written 
where S Xk p i = Xk p 1 -Xk p K We note that series (8) cannot be rearranged into a sum over p in d Xi p~i /X0 p~i , since such a series is per se not convergent.
The first term in the series in equation (8) has the properties of the first order sum rule in ^ ^k -That is, the difference between successive members of an isotopic homologous series is constant and independent of the isotopic composition of other atoms in the molecule. Equivalent isomers are the same. This term leads to a linear dependence of the zero point energy for a homologous series. The second term p = 2 has the properties of both the first and second order sum rules, 2 Xk and ]> Xj?. The term in 2 Xk 2 is the first deviation to be expect-2 P = etc. It is immediately apparent that the present series expansion in Xk/X0) p makes use of all of the isotope sum rules discussed in the Introduction.
In the following paper, the convergence properties of the various series are investigated in some detail. Convergence is shown to be fairly good, with proper choice of co0, for zero point energies and isotope effects on them when one uses the series expansion with only terms up to p = 2. It therefore appears worthwhile to investigate the truncated expansion The term (fa 2 -fa 2 ) a% again is constant between successive members of the series. However, the term 2(ju{ -jUi) ^^ juj a~.q. will be different for successive pairs in the series. This sum over all atoms in the molecule will differ between successive pairs by the number of isotopic substitutions of the type i that have taken place. The term will be smaller as one goes to higher substitution of the heavy isotope. It makes a negative contribution to the zero point energy difference [cf. equation (9) ]. This completes the proof of the theorem, which is illustrated in the following paper 10 .
We are now in a position to understand why the zero point energy is practically a linear function of the number of isotopic substituents for benzene, shows slight deviations for the ethylenes and still larger ones for the isotopic hydrogens as shown in the following paper 10 . The deviations from linearity come from the (fa -fa) 2 Hi a fj terms. In all cases the mass factor (fa -jUf) is 1/2 in atomic units. For the case of hydrogen jUj afj is proportional to the square of the stretching vibrational frequency of the hydrogen molecule multiplied by the stretching force constant. For the ethylene molecules, the difference between successive pairs comes from mutual motion of hydrogen atoms, which is therefore a bending vibration. These vibrations have force constants some 5 times smaller than stretching force constants and so the zero point energy rule shows deviations 25 times smaller. Further, the outof-plane motions each involve mutual motion of hydrogen atoms in the bending modes. They should show the largest percentage deviation from linearity and the calculations 10 show just this behavior.
Finally, for the case of the benzene molecules, the difference between successive pairs involves the motion of hydrogen atoms which are separated by at least two carbon atoms. The force constant for this motion is very small and the benzenes, therefore, obey a linear zero point energy rule to a very high approximation.
The Second Order Corrections and the

Application of the Second Order Sum Rules
In equations (9) and (10) we have found the general parabolic terms for the zero point energy of a sequence of isotopic homologues. This explicit expression can now be used to improve the interpolation of zero point energies either by exact calculation, using expression (10), or by the linear interpolation and extrapolation procedure to be discussed presently. We shall use the specific example of the deutero methanes inasmuch as BERNSTEIN 9 has developed parabolic formulae for the case of substituted methanes. For simplicity we write ^o -L, n 6 An = n b + a n(13 -n),
(15)
Equations (11) and (17) The relative deviations calculated on the CH3D -CHD3 basis vs. the CH4 -CD4 basis are shown in Table 1 . The root mean square deviation on the CH3D -CHD3 is 0.75 that on the CH4 -CD4 basis.
It is obvious from equation (18) as well as the theorem that the difference in zero point energies of successive pairs increases with the number of heavy isotopic substituents, that En calculated by a linear interpolation between E0 and Ei will be lower than the true value. The deviations in units of OL/(JO0 are shown in Fig. 1 . Equation (18) is a parabola with its axis at n = 2 parallel to the axis En -E0 . As such the deviations at n = 1 and n = 3 are equal. A line drawn through these points is parallel to the horizontal axis. This can also be deduced directly from the first and second order sum rules since in the case of the methanes 4 2(S1-5,)-(S0-S4)
and 2(L1«-V)-(V-V).
The set CH3D and CHD3 thus form a better basis for the interpolation and extrapolation of the zero point energies than CH4 and CD4 . In terms of the mono-and tri-deutero compounds, the zero point energy of any member of the sequence is The disadvantage in the use of the intermediate molecules with their lower symmetry is that their spectra are not as easily established as the more symmetrical molecules. When this problem does not present itself, then the intermediate molecules should be used as a basis for the interpolation and extrapolation of the zero point energies of the homologous sequence. For isotopic homologues the appropriate choice is readily determined from the second order sum rule.
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